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1 Introduction and Conventions 1.2 Motivation

1 Introduction and Conventions
1.1 Outline

e Basicprinciplesof computer arithmetic [1, 2, 3, 4, 5, 6, 7]

e Circuit architecturesandimplementationsf main
arithmetic operations

e Aspects regardinyyLSI desigrof arithmetic units

1.2 Motivation

e Arithmetic units are, among others, core of evdaja
pathandaddressing unit

e Data path is core of :
o microprocessor$CPU)
o signal processor§DSP)

o data-processingpplication specific IC$ASIC) and
programmable ICge.g. FPGA)

e Standard arithmetic units available frdiraries
e Designof arithmetic units necessary for :

o nhon-standard operations
o high-performance components
o library development
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1 Introduction and Conventions 1.3 Conventiong

1.3 Conventions

Naming conventions

Signal buses A (1-D), A4; (2-D), a;. (subbus, 1-D)
Signals: a, a; (1-D), a;x (2-D), A;. (group signal)

Circuit complexity measuresA (area),I” (cycle time,
delay),AT (area-time product), (latency, # cycles)

Arithmetic operators +, —, -, /, log (= log,)
Logic operators. + (or), - (and),® (xor), ® (xnor),” (not)

Circuit complexity measures

Unit-gate mode(~ gate-equivalents (GE) model) :

e Inverter, buffer. |A =0, T'= 0| (i.e. ignored)

e Simple monotonic 2-input gatédND, NAND, OR,

NOR):[A=1,T=1

e Simple non-monotonic 2-input gateéOR, XNOR) :

A=2,T=2

e Complex gates composed from simple gates

= Simplem-input gates ‘A =m—1, T = [logm] ‘
e Wiring not considered (acceptable for comparison
purposes, local wiring, multilevel metallization)

e Only estimationgjiven for complex circuits

Computer Arithmetic: Principles, Architectures, and VICBsign 5

1 Introduction and Conventions 1.4 Recursive Function @aiidn

1.4 Recursive Function Evaluation
e Given : inputsa;, outputsz;, function f (graph sym. :e)

Non-recursive functions(n.)

e Outputz; is a function of input; (Or a;4rm:; , m const.)

zi = flai, z) ; i=0,...,n—1‘

= parallel structure :

[A=0(n), T=0(1)]

23 22 Z1 29
Recursive functions(r.)
e Outputz; is a function of all inputs, , k£ < ¢
a) withsingleoutputz = z,,_; (r.s.) :
t; = f(ai,ti_]_) ;1=0,...,n—1
t_]_: O/l, z :tn—l
4z ax as q

1. fisnon-associativér.s.n.)
= serial structure :

3

w

|A=0(n), T=0(n)|
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1 Introduction and Conventions 1.4 Recursive Function Eatidn

2. fisassociativer.s.a)
= serial orsingle-treestructure :

az a, a; a

2o

|A=0(n), T =0(logn)|

b) with multipleoutputsz; (r.m.) (= prefix problem) :

zi = f(a;,2zi21);i=0,...,n—1, 2, =0/1

1. fisnon-associativér.m.n.) 8s & j’ Al
= serial structure : 1 {
2
’A=O(n),T=o(n)‘ 3
23 22 Z1 2
az az a;

2. fisassociativdr.m.a.)
= serial ormulti-treestructure :

|A=0(n?), T =O(logn)|

= or shared-treestructure :
]
|A=0(nlogn), T = O(logn)| 2 W

Computer Arithmetic: Principles, Architectures, and VICBsign 7




2 Arithmetic Operations 2.1 Overview

2 Arithmetic Operations

2.1 Overview

— based on operation fixed-point | floating-point

""" related operation
<<, >>

,,,,,,,, i (same as on
D sart (4 | the left for
| floating-point
! numbers)
exp (x) i
o
[tog () =~ g 00 [-——{nyp 00| | §
1 shift/extension 7 division
2 comparison 8 square root extraction
3 increment/decrement 9 exponential function
4 complement 10 logarithm function
5 addition/subtraction 11 trigonometric functions

6 multiplication 12 hyperbolic functions
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2 Arithmetic Operations 2.2 Implementation Technique

2.2 Implementation Techniques

Direct implementation of dedicated units :

e always: 1 -5
e in most cases 6
e sometimes 7, 8
Sequentialimplementation using simpler units and
several clock cycles=% decomposition) :
e sometimes 6
e in most cases 7, 8, 9

Table look-up techniques using ROMs :

e universal: simple application to all operations

o efficientonly for single-operand operations of high
complexity (8 — 12) and small word length (note: ROM
size= 2" x n)

Approximation techniques using simpler units : 7-12

o taylor seriesexpansion

e polynomialandrational approximations

e convergence afecursive equation systems

e CORDIC(COordinate Rotation Dlgital Computer)
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3 Number Representations
3 Number Representations

3.1 Binary Number Systems (BNS)

e Radix-2 binary number system (BNS) : irredundant,
weighted, positional, monotonic [1, 2]

e n-bit number isordered sequencef bits (binary digts) :

..,a0)2, a; € {0,1}

e Simple and efficient implementation dhigital circuits

e MSB/LSB(most-/least-significant bit) a,_1 / ag

A= (an—l; Ap—2, -

e Represents aimtegeror fixed-pointnumbergexact
e Fixed-pointnumbers :(a,, 1, . .. 1,y Oy )

(n—m)-bit fraction

, @0 .

m-bit integer

Unsigned: positiveor natural numbers
n—1
Value: A=a, 12" '+ +ai24+a0=_ a2
=0
Range: [0, 2" — 1]

Two’s (2's) complement: standard representation of
signedor integernumbers
n—2
Value: A= —a, 12" "+ a2
=0

Range: [-2"7%, 2n1 1]
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3.1 Binary Number Systems (BN§

3 Number Representations 3.1 Binary Number Systems (BN§

N4

Complement —A=2"-—A=A4A+1,
whereA = (@, 1,@n 2, - -,00)

Sign: a,_1

Properties: asymmetric range, compatible with
unsigned numbers in many arithmetic operations
(i.e. same treatment of positive and negative numberg)

One’s (1's) complement similar to 2's complement
n—2
Value: A= —a,_1(2"' - 1)+ ;2
=0
Range: [-(2"1 1), 2»71 — 1]
Complement —A=2"-A—-1=A4

Sign: an_1

Properties: double representation of zero, symmetric
range, moduld2” — 1) number system

Sign-magnitude: alternative representation of signed
numbers

n—2
Value: A = (-1)**- Y q;2"
=0

Range: [-(2"1 1), 21 1]

Complement —A = (@,,—1, n—2, - - -, Go)
Sign: a,_1
Computer Arithmetic: Principles, Architectures, and VICBsign 11




3 Number Representations

Properties: double representation of zero, symmetric
range, different treatment of positive and negative
numbers in arithmetic operations, no MSB toggles at
sign changes around &(low power)

Graphical representation

-<

111..1

-0
~O
or

000...0

binary number representation

%

_2n—1 0 2n—1 on
unsigned
2’s complement
1’s complement
sign-magnitude
Conventions

e 2's complement used faigned numberms these notes

¢ Unsignedandsignednumbers can be treated equally in
Most cases, exceptions are mentioned
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3.1 Binary Number Systems (BN§

3 Number Representations 3.2 Gray Numbers

3.2 Gray Numbers

e Gray numbergcodg : binary, irredundant, non-weighteg
non-monotonic

+ Property: unit-distance coding (i.e. exactly one bit
toggles between adjacent numbers)

o Applications: counters witHow output toggle rate
(low-power signal buses), representation of continuous
signals forow-error sampling(no false numbers due to
switching of different bits at different times)

— Non-monotoniciumbers : difficult arithmetic operations
e.g. addition, comparison :

9190 9190 90 9o bbgngnl/) Gray

3020100 | 93929190

00<0land 0<1 070000[0000

11<10but 1>0 1/0001/0001

] 2/ 0010|0011

e binary — Gray: 3/0011{0010
4,010010110

. 6/ 0110|0101

1=0,...,n—1 (n) 2lo111l0100

. 8/ 1000|1100

e Gray — binary: 9/100111101
10/ 1010|1111

b =bi11®gi,0,=0; 1110111110
i=n—-1,...,0 (rma) 12111001010
131110111011

14111101001

1511111, 1000
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3 Number Representations 3.3 Redundant Number Syste|

3.3 Redundant Number Systems
e Non-binary redundantweightednumber systems [1, 2]

e Digit setlarger than radix (typically radix 2 multiple
representationsf same numbes> redundancy

+ No carry-propagationin adders=- more efficient impl.
of adder-basedinits (e.g. multipliers and dividers)

— Redundancys no direct implementation atlational
operators=- conversion to irredundant numbers

— Several bits used to represent one digitigherstorage
requirements

— Expensiveconversiorinto irredundant numbers (not
necessary if redundant input operands are allowed)

Delayed-carry of half-adder number representation :
e C {0, 1, 2} y Ciy 84, A4, b1 S {0, 1} y
ri = (Ciy1,8:) = 2¢ir1+ Si=a; +b;,¢i418, =0
eR=Y"4r2=(C,S)=C+S=A+B
e 1 digit holds sum oR bits(no carry-out digit)
e example :(00,10) = 00+ 10= 01+ 01 = (10,00)
e irredundant representation ofl [8], since
ci115=0& C+S=-1—-5=-1C=0
Carry-save number representation :
e C {0, 1, 27 3} y Ciy Si, Q4 bi, d; € {0, 1} ,
i = (Cip1,8i) = 2¢i41 + 8 = a; + b; + dy = a; + 7
e R=Y1"§r2=(C,5)=C+S=A+R

Computer Arithmetic: Principles, Architectures, and VII3dsign
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3 Number Representations 3.3 Redundant Number Syste

o 1 digit holds sum o8 bitsor 1 digit + 1 bit (no
carry-out digit, i.e. carry isaved

o standardredundant number system for fast addition

Signed-digit (SD) orredundant digit (RD) number

representation :

o7, 8.t €{-1,01}={1,0,1} ,R= "¢ r;2

e nocarry-propagation ity = R+ T :
ori+t;i = (Ciy1,u;) = 2ci41 + Ui , cip1,u; € {1,0,1}
o (¢it1, u;) isredundante.g. 0+ 1 = 01 = 11)
o Vi 3(ci,us) | ¢ +ui =s; € {1,0,1}

e 1 digit holds sum o digits(no carry-out digit)

e minimal SDrepresentation : minimal number of
non-zero digits,- - - 011{1}10- - - — - - 100{0}10- - ‘

o applications: sequential multiplication (less cycles),
filters with constant coefficients (less hardware)

o example

minimal
_ _
7=(0111|1111]1011| 1001 |11111]---)
e canonical SDrepres.: minimal SD + not two non-zero
digits in sequence#a; --01{1}10--- — ---10{0}10-- ’
e SD— binary: carry-propagation necessaey(adder)
e other applications high-speed multipliers [9]

e similar tocarry-save simple use fosignednumbers

15
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3 Number Representations 3.4 Residue Number Systems (R

3.4 Residue Number Systems (RNS)
e Non-binary irredundant non-weightechumber system [1]
+ Carry-freeandfastadditions and multiplications

— Complexandslowother arithmetic operations
(e.g. comparison, sign and overflow detection) becauss
digits arenot weightedconversion to weighted
mixed-radixor binary system required

A1

e Codes forerror detectiomandcorrection[1]
e Possibleapplications(but hardly used) :

o digital filters: fast additions and multiplications

o error detectionandcorrectionfor arithmetic operations
in conventional and residue number systems

e Baseis n-tuple of integergm,,_1, m,—2, . .., mo),
residues(or modul) m; pairwise relatively prime

0 A= (an—la Ap—2,- - - 7a0)mn_1,mn_2,...,mo ’
a; € {0,1,...,m; — 1}
n—1
o Range:M = [] m;, anywhere inZ
=0
=Amodm; = |A|pm, , A=m; - g+ a;

n—1
Z Cia;

=0

OlAlM: :Ci:(~~~7

0,1,0,..)
M N~~~

i
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3 Number Representations 3.4 Residue Number Systems (R

e Arithmetic operations (each digit computed separately

0 2= |Zlm, = |f (D), = | 1(4])],, = 1F(@3)|m,
e = 1Al + 1Bl = lai + bl

o |4+ Bl = [|Al,,, 1Bl = laibiln

0 | = Gilm; = [mi — ailm,

olal = ‘az’“‘z (Fermat’s theorem)

i i

e Best modulim; are 2 and (2% — 1) :

o high storage efficiencwith £ bits
o simplemodular addition 2* : k-bit adder without,,;,
2% — 1 k-bit adder with end-around carryg;{ = cou:)

e Example :(mg,mg) = (3,2) , M =6

Al-~--4-3-2-1012345678:-
afl--- 2 0 1 2012012012---
aol--- 0 1 O 01010 010
pOSS|bIe range
|56 = A = (a1, a0) = (|5]3, |5]2) = (2,1)
|44 5|s=(1,0) + (2,1) =
= (|1+2[3,[0+1]2) = (0,1) = |3|s
|4-5/s=(1,0)- (2,1) =
= (11-203,[0-12) = (2,0) = |2]s

Computer Arithmetic: Principles, Architectures, and VICBsign 17

3 Number Representations 3.5 Floating-Point Numbels

3.5 Floating-Point Numbers

e Largerrange smallerprecisionthan fixed-point
representatiorinexact, real numbers [1, 2]

e Double-numbeform =- discontinuougprecision

e | S| biased exponent Eunsigned norm. mantissa M

oF:(—l) M- BE = (— )s 1M . DEbias

e Basicarithmetic operations
0o A-B=(-1)%% . M,  Mp-
o A+ B=((-1)% - M, +

(~1)5 - (Mp > (Ea— EB))> . §EA

o base orfixed-pointadd, multiply, and shift operations
o postnormalizatiomequired (Y8 < M < 1)

/BEA+EB

e Applications:

processors: “real” floating-point formats (e.g. IEEE
standard)large range due to universal use

ASICs : usuallysimplifiedfloating-point formats with
small exponents, smaller range, usedréorge
extensiorof normal fixed-point numbers

e |[EEE floating-point format

| precision| n [ ny | ng | bias| range | precision
| single [32] 23] 8 | 127 [38-10°%| 10
‘ double || 64| 52 | 11 | 1023| 9 10%%7 10715

Computer Arithmetic: Principles, Architectures, and VII3dsign 18

3 Number Representations 3.7 Antitetrational Number Syste|

3.6 Logarithmic Number System

e Alternative representation to floating-point (i.e. masgis
+ integer exponent> only fixed-point exponehfl]

e Single-numbeform = continuougrecision=- higher
accuracy, more reliable

«| S| biased fixed-point exponent|E
o L=(-1% 5= (-1
e Basicarithmetic operations

o (A< B)=(F4 < Ep) (additionally consider sign)

o A+ B: by approximationor addition inconventional
number system andlouble conversion

0A-B= (71)5‘,49953 . ﬂEA"‘EB
o AV = (~1)%.gvPa VA= (-1

+ Simplermultiplication/exponent.more complexaddition

. 2B-bies (signed-logarithmiy

)SA .5EA/y

— Expensiveconversion (anti)logarithms (table look-up)
e Applications: real-time digital filters

3.7 Antitetrational Number System
2
e Tetration(t.z = 2¥ ) andantitetration(a.t.z) [10]

X
e Largerrange smallerprecisionthan logarithmic repres.,
otherwise analogous (i.e*2» t.z , logz — a.t.z)

Computer Arithmetic: Principles, Architectures, and VICBsign 19
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3 Number Representations 3.8 Composite Arithmeti

3.8 Composite Arithmetic

e Proposal for anew standarabf number representations [1]

e Scheme for storage and displayesfact(primary:
integer, secondaryrational) andinexact(primary:
logarithmig secondaryantitetrationa) numbers

e Secondaryorms used for numbers not representable by
primary ones & no over-/underflow handling necessary

e Choiceof number representation hidden from user, i.e.
software/compiler selects format for highest accuracy

e Number representations :

tag value
integer: | 00 [ 2's complement integer |
rational : | 01+ | slash| denominatok numerator|
logarithmic: | 10+ | log integer| log fraction |

antitetrational: | 11+ [ a.t. integer| a.t. fraction |

e Rationalnumbers : slash position (i.e. size of numeratg
denominator) ivariableand stored (floating slash)

e Storage form sizes32-bit (short), 64-bit (hormal),
128-bit (long), 256-bit (extended)

e Implementation mixed hardware/software solutions

e Hardware proposallong accumulatof4096 bits) holds
any floating-point number in fixed-point formag
higher accurary=- large hardware/software overhead

Computer Arithmetic: Principles, Architectures, and VICBisign 20

3 Number Representations 3.9 Round-Off Schesz

3.9 Round-Off Schemes

¢ Intermediate results witti additionallower bits
(= higher accuracy) A = (a1, - ,a_q)

e Rounding keeping erroe small during finaword
length reduction R = (15-1,...,70) = A—¢€

e Trade-off: numerical accuracy vs. implementation cost

.,a0,Q_-1, ...

Truncation : ’RTRUNC = (Gn_1, - .,ao)’

e bias = —1 + >t (= average errot)
Round-to-nearest(i.e. normalrounding :

ap), A=A+3=A+01

!
RROUND = (a'n—la R

e bias = 5+ (nearly symmetric)
e “+ 0.1," can often be included in previous operation

Round-to-nearest-even/-odd

a4 #0---0
.,a;,0) otherwise

RROUND if (a/_j_a ..
(a7 1,
e bias =0 (symmetric)

e mandatoryin IEEE floating-point standard

Rrounp-Even = {

e 3 guard bitsfor rounding after floating-point operations
guardbit G (postnormalization)oundbit R
(round-to-nearest)tickybit S (round-to-nearest-even)
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4 Addition 4.1 Overview

4 Addition

4.1 Overview

carry-propagate adders

Legend:
HA: half-adder CPA: carry-propagate adder CLA: carry-lookahead adder
FA: full-adder RCA: ripple-carry adder PPA: parallel-prefix adder

(m,k): (m,k)-counter COSA:conditional-sum adder

(m,2): (m,2)-compressor

CSKA:carry-skip adder
CSLA:carry-select adder

CIA: carry-increment adder CSA: carry-save adder

— based on component related component

Computer Arithmetic: Principles, Architectures, and VII3dsign 22

4 Addition 4.2 1-Bit Adders, (m, k)-Counters

4.2 1-Bit Adders, (m, k)-Counters

e Addupm bits of same magnitudé.e. 1-bit numbers)
e Outputsumask-bit number ¢ = |logm | + 1)
e Or: count 1’s at inputs=- (m, k)-countef3]

(combinationakounters)

Half-adder (HA), (2, 2)-counter

’(cout,s)=2cwt+s=a+b‘ ‘A:37 TzZ(l)‘

s=a®b (sum)

Cout = ab (carry-out)
ab
ab ,
ab J
Cout si )
3l
Cout ? Cout
s s
(reference)
s
Computer Arithmetic: Principles, Architectures, and VICBsign 23




4 Addition 4.2 1-Bit Adders, (m, k)-Counters

Full-adder (FA), (3, 2)-counter

’(cout,s)=2c(mt+s=a+b+cm ’Az?, T:4(2)‘

=ab
c=a+b

g=ab (generate)
p=a®b (propagate)
S=a®Db® cin =p® Cin
Cout = ab + aciy + by, = ab + (a ® b)cyy,
= g + PCin = PG + PCin = PG + PCin

= Emco + cmcl
ab ab
ab ¢ ¢
Cout * Cin Cout Cout Cin
° ?
s s
ab

ab

ab
P
g P Cout q
Cout Cin

4 Addition 4.2 1-Bit Adders, (m, k)-Counters

(m, k)-counters

do  am1q
(Sk,]_,...,SO) = ¢ ¢

k—1 m—1 i
Z szj = Z a;
j=0 i=0

Sk-1 So

o Usually built fromfull-adders

e Associativityof addition allows convertion froffinear to
tree structure= fasterat same number of FAs

A=T7y20" m27*] & 7(m — logm) ,
TLIN =4m + 2“0g mJ y TTREE = 4“093 m} + 2[|Ong

e Example :(7, 3)-counter
|A=128, T =14

|A=28,T =10

apdy apaszauasag

'y

apdy; ax azay asag

b oy

Sy, Sy So

tree structure

linear

(reference) s Sz Sy sp structure
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4 Addition 4.3 Carry-Propagate Adders (CPA) 4 Addition 4.3 Carry-Propagate Adders (CPA)

4.3 Carry-Propagate Adders (CPA)

e Addtwo n-bit operandsd and B and an optional carry-in
c;n by performingcarry-propagation [1, 2, 11]

e SUM(c,yut, S) isirredundant(n + 1)-bit number

‘(Couta S) = Coutzn +S=A+B+ Cin

. A B
2ci11+si=a; + b+ ¢,
1=01,...,n—1
CPA
Co = Cin y Cout = Cp, (rma) Cout Cin
S

Ripple-carry adder (RCA)
e Serial arrangementf n full-adders

e Simplestsmallest andslowestCPA structure

(A=Tn,T=2n, AT = 147?|

ant  bny a; by a by
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Carry-propagation speed-up techniques

a) Concatenation gfartial CPAswith fastc;, — cout

an-15 bp1j | U @ik b ) @ker0 biero
| | |
2R AN 2K TR R
CPA =i CPA cPA [+
Cout C/ i Ck Cin
o { | {
| | |
Sn-1; ! ! Si-1:k ! Sk-1:0

a) Fastcarry look-aheadogic for entire range of bits
an.1  bpg a; by apy by

@ preprocessing

Computer Arithmetic: Principles, Architectures, and VI[Bsign 27




4 Addition 4.3 Carry-Propagate Adders (CPA)

Carry-skip adder (CSKA)
e Type a) : partial CPA with fast, — ¢;

¢ = Pi_14¢; + Pi_yycr (bitgroup(a;_a, ..., ax))
P;_1x = pi—api—2- - - pr (group propagate)

e 1)P, 14 =0:¢; 4 ¢ andc, selectedd, — ¢;)
2) P_1y, =1: ¢, — ¢ butc, skipped(c; /4 ¢;)
= pathc, — ¢, — ¢; never sensitizees fastc, — ¢;

= falsepath=- inherentlogic redundancy=- problems in
circuit optimization, timing analysis, and testing

e Variablegroup sizes (faster) : larger groups in theldle
(minimize delaysig — ¢, — s;_1 anday — ¢; — S,_1)
e Partial CPA typ. is RCA or CSKA= multilevel CSKA)

e Mediumspeed-up atmallhardware overhead
(+ AND/bit + MUX/group)

~8n, T~ 4n"?, ~
(A 8n, T~ 402, AT ~ 320%?]

an-15 bn.1j a1k btk a-1.0 b1:0
|
|
|
3
: CPA =
cf Ci Ck in
i i i
B |
} } i-1:k v }
Sn-14 Si-1:k Sk-1:0
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4 Addition 4.3 Carry-Propagate Adders (CPA)

Carry-select adder (CSLA)
e Type a) : partial CPA with fast, — ¢; andc, — s;_14

— = o0 1
Si—1k = CkS;_1 T CkSi_1p
c = Ekc? + ckcl

%

e Two CPAompute two possible results,( = 0/1),
group carry-inc;, selectscorrect one afterwards

o Variablegroup sizes (faster) : larger groupead(MSB)
(balance delaysy — ¢, anda, — )

e Part. CPA typ. is RCA, CSLA=6 multil. CSLA), or CLA

e High speed-up aligh hardware overhead
(+ MUX/bit + (CPA + MUX)/group)

(A L4n, T ~ 280"2, AT ~ 300Y°|

| | a1k b1k @10 brro
| | |
| | |
| | |
| | |
[ |
| | |
b |
| | |
i : : CPA

cj Ck Cin

| |

| |

B |

| |

| |

| |

| |

| |

Si-1k Sk-1:0
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4 Addition 4.3 Carry-Propagate Adders (CPA)
Carry-increment adder (CIA)

e Type a) : partial CPA with fast, — ¢; andcy — s;_14

Si1k = Sj_14 + Ck» G =+ P_1xcy
P;_1 = pi—1pi—2- - - pr (Qroup propagate)

e Result isincrementedafter addition, ifc;, = 1 [12, 11]

e Variablegroup sizes (faster) : larger groupsad(MSB)
(balance delaysy — ¢, anday, — ¢})

e Part. CPA typ. is RCA, CIA£ multilevelCIA) or CLA

e High speed-up atmediumhardware overhead
(+ AND/bit + (incrementer + AND-OR)/group)

e Logic of CPA and incrementer can beerged11]

(A~ 100, T~280%7%, AT ~ 280%7)

1.0 br-1:0

a1k bi1xk
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4 Addition 4.3 Carry-Propagate Adders (CPA)

e Example : gate-level schematicadrry-incr. adder (CIA)
o only 2 different logic cellslfit-sliceg : IHA andIFA

T 4610 12 14 16 18 20 22 24 26 28 ... 38
n 12 4 7 11 16 22 29 37 46 56 67 ... 137

Ay1 brer
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4 Addition 4.3 Carry-Propagate Adders (CPA)

Conditional-sum adder (COSA)

e Type a) : optimizednultilevel CSLAwith (logn) levels
(i.e. double CPAs are merged at higher levels)

e Correct sum bitss{ ., or s} ;) are conditionally)
selected througflogn) levels of multiplexers

e Bit groups of size 2at levell
e Higherparallelism morebalancedsignal paths

e Highestspeed-up abighesthardware overhead
(2 RCA + more tharflogn) MUX/bit)

| A~ 3nlogn, T~ 2logn, AT ~ 6nlogn|

ag by

a b a; by

4 Addition 4.3 Carry-Propagate Adders (CPA)
Carry-lookahead adder (CLA), traditional

e Type b) : carriesooked aheadbefore sum bits computed
o Typically 4-bit blocksused (e.g. standard IC SN74181)

Co = CIO

1= go + Pocy
C2 = g1+ P1go + P1Pocy

3 = g2 + P2g1 + P2p1go + P2P1Pocy CB %

95 = g3 + D3g2 + P3p291 + Pap2p1go
P = Pap2p1Po

(93P3) - (9o.Po)

(%P5 C3--- Co

e Hierarchical arrangement usin@ logn) levels :
(g5, P5) passed upg, passed down between levels

e High speed-up atnediumhardware overhead

|A~14n, T~ 4logn, AT ~ 56nlogn|

(%Ti ffw (gnini ff ) (g7i)71 ﬁt Py (G5 f)‘ fio o)
‘ CLB « ‘ CLB ‘« ‘ CLB ‘ CLB
W | S| g W | =] W
\g Ci5Cr2 S| Cr1Cs 5| 67 C4 S| €3+ Co
21T,
CLB -
+ preprocessingg; = a;b; , p; = a;Bb;
H + postprocessings; = p; B ¢;
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4 Addition 4.3 Carry-Propagate Adders (CPA) 4 Addition 4.3 Carry-Propagate Adders (CPA)

Parallel-prefix adders (PPA)

e Type b) : universaladder architecture comprising RCA,
CIA, CLA, and more (i.e. entire range afea-delay
trade-offsfrom slowest RCA to fastest CLA)

e Preprocessingcarry-lookaheagdandpostprocessingtep
e Carries calculated usirgprallel-prefix algorithms
+ High regularity: suitable for synthesis and layout

+ High flexibility : special adders, other arithmetic
operations, exchangeable prefix algorithms (i.e. speed

+ High performance smallest and fastest adders

$§§§ TISES preprocessing:
M ¢H¢ o 9i = aib;
? ? /[ Cin pi=a; b
(Gn-1: Pr-1) ,

carry-lookahead:
prefix algorithm

postprocessing:

Si=pi D¢
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U7

Prefix problem

e Inputs(z,, 1, ..., o), OUtPULS(y,, 1, - . ., Yo), aSsociative

binary operatoms [11, 13]

., Ty ®ITg, Tg) OF
n—1 (rm.a.)

(ynfla-‘wyO):(xnfl."'
Yo=To, Yi=z;8Y—1;i=1...,

® o, --

e Associativity ofe = tree structuredor evaluation :

z30 (220 (71 020)) = $3°$2 I1°xo) buty, ?
n= Yll:o Y32
y2 = Yo ¥ =Yg,
ys = Yo

e Group variablesY}, : covers bitzy, . .., z;) at levell

e Carry-propagationis prefix problem Y}, = (GL,, P.,)

(GPi, P) =

1)

(Gi:ka Pil:k)

(gzapz)
(Gu+17leJ41-1) (ij aPJlkl) k<j<i
(G”+1 + P, g+1G3 W P! J+1PJI %)

Ci+1=Gi:O,Z—O,..., l,l—l,...,m

o Parallel-prefixalgorithms [11] :
o multi-tree structure¢7 = O(n) — O(logn))
o sharing subtreegA = O(n?) — O(nlogn))
o different algorithms tradingreavs. delay(influences
also fromwiring and maximunfan-out#'O,,,,;)
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4 Addition 4.3 Carry-Propagate Adders (CPA)

Prefix algorithms

o Algorithms visualized bylirected acyclic graph§DAG)
with array structurer( bits x m levels)

e Graphvertexsymbols :

-1 -1 -1 pl-1 -1 pl-1
(Gi:j+17 Pi:j+1) (Gj:k 7Pj:k ) (Gi:k 7Pi:k )
(Gézlw lek) (Gé:lw Pil:k) (Gé:kv Pil:k) (Gézlw Pil:k)

(contains logic fore) (contains no logic)

e Performance measures :
A, : graphsize(number of black nodes)
T, : graphdepth(number of black nodes on critical path

e Seriakprefix algorithm & RCA)

‘A.:nfl,T.=TL*1,FOmaz=2

i
068

ity
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3210

W N = O

1514131211109 8 7

4 Addition 4.3 Carry-Propagate Adders (CPA)

e Sklanskyparallel-prefix algorithm- PPA-SK)

o Tree-likecollection,parallel redistribution of carries

As = 3nlogn , T, = [logn] , FO,. ~ in

1514131211109 8 7 6 5 4 3 2 1 0

A ON =2 O

e Brent-Kungparallel-prefix algorithm- PPA-BK)

o Traditional CLAis PPA-BK with 4-bit groups
o Tree-likeredistribution of carries (fan-out tree)

Ay =2n—[logn] —2, T, = 2[logn] — 2
FO,,.. ~logn

1514131211109 8 7 6 5 4 3 2 1 0

o O~ W NN =+ O
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4 Addition 4.3 Carry-Propagate Adders (CPA)
e Kogge-Stongarallel-prefix algorithm=£ PPA-KS)

o very highwiring requirements

‘A.znlognfn—{—l, T.: [|Ogn—| ) FOmazzz‘

1514131211109 8 7 6 5 4 3 2
o !

e Carry-incrementparallel-prefix algorithm= CIA)

Aum 20— L4pY2 | T, L4n'2 | FO,pe = Lén'?|

1514131211109 8 7 6 5 4 3 2 1 0

a b~ wOWN = O
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4 Addition 4.3 Carry-Propagate Adders (CPA)
o Mixed serial/parallelprefix algorithm & RCA + PPA)

o linearsize-depth trade-offsing parametek :

|0<k <n-—2[logn] +2|

o k = 0 : serial-prefix graph
k=n—2[logn] + 1 : Brent-Kung parallel-prefix
graph
o fills gapbetween RCA and PPA-BK (i.e. CLA) in steps
of singlee-operations

Av=n—1+k,To=n—1-k, FOpy = var|

1514131211109 8 7 6 5 4 3 2 1 0
0500 bbEb bbb
oooooooo‘ofo‘o o
oooooooo‘o‘oo OReNe
oooooo‘o oo’o’oooo
4 000000 o’oo 00000
500000806060 ¢0 00
8 QOO0 HOOOOOOOOOOO
7000800000000 000O0
:leNel SeNeNoNoNeNeNeoNoNoNoNeNeNe
el SeNeNoNoNoNeNeNoNoNoNoNeNeNe
VK SeNeNeNeNeNeNeNeReReNeNeNeNeNe
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4 Addition 4.3 Carry-Propagate Adders (CPA)

e Example : 4-bitparallel-prefixadder (PPA-SK)
o efficient AND-OR-prefixcircuit for the generate and
AND-prefixcircuit for the propagate signals
o optimization alternatingly AOI-/OAI- resp. NAND-/
NOR-gates (inverting gates are smaller and faster)
o can also be realized using tWidUX-prefixcircuits

ag b ax by a; by ap by

]
(O —
U

4 Addition 4.3 Carry-Propagate Adders (CPA)

Prefix adder synthesis

e Local prefix graphransformation:

3210 3210

depth-decr.
transform
—
size-decr.

transform
<_

A,
T,

3
3

A,=4
T, =2

W N P O
W N P O

e Repeated (local) prefix transformations resulbverall
minimizationof graph depth or size> which sequence ?

e Goal: minimal size (area) at given depth (delay)

e Simplealgorithmfor sequence of applied transforms :
Step 1 :prefix graph compressiof@depth minimization) :
depth-decr. transforms iight-to-left bottom-uprder
Step 2 :prefix graph expansio(size minimization) :
size-decreasing transformsleft-to-right top-down
order, if allowed depth not exceeded

o Prefix adder synthesisl) generate serial-prefix graph, 2

graph compression, 3) depth-controlled graph expansipn,
4) generate pre-/postprocessing and prefix logic
********************** I R A i + Generatesl| previous prefix graphs (except PPA-KS)
U - U + Universal adder synthesalgorithm : generates
P area-optimal adders for any given timing constraints [1]]
S Sz S So (including non-uniform signal arrival times)
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4 Addition 4.3 Carry-Propagate Adders (CPA) 4 Addition 4.3 Carry-Propagate Adders (CPA)

Multilevel adders

e Multilevel versions of adders of type a) possible (CSKA}
CSLA, and CIA,; notation: 2-level CIA = CIA-2L)

+ Delayis O(nY/(m+9) for m levels

— Areaincrease small for CSKA and CIA,
high for CSLA (& COSA)

o Difficult computation of optimagroup sizes

Hybrid adders

e Arbitrary combinationf speed-up techniques possible
= hybrid/mixed adder architectures

e Often useccombinations : CLA and CSLA [14]
— Purearchitectures usually perform best (at gate-level)

Transistor-level adders

¢ Influence oflogic styleg(e.g. dynamic logic,
pass-transistor logie> faster)

+ Efficienttransistor-leveimplementation of ripple-carry
chains (Manchester chain) [14]

+ Combination®of speed-up techniques make sense
— Much higherdesign effort
e Many efficientimplementations exist and published

Computer Arithmetic: Principles, Architectures, and VIIBsign 42

Self-timed adders
e Averagecarry-propagation length : lag

+ RCAIs fast in average casé'(= O(logn)), slow in worst
case=- suitable forself-timed asynchronouwtesigns [15]

— Completion detectiors not trivial

Adder performance comparisons

e Standard-celimplementations, 8um process

area [lambda”2]

I [ ] RCA
128-bit % CsKkABL
16407 |— B Bea bl
/ CIAAL
2 s
7 o XAzl
5 /

.| const. AT
1e+06 -

delay [ns]
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4 Addition 4.3 Carry-Propagate Adders (CPA)

e Complexitycomparisorunder the unit-gate model

| adder | A | T | AT [opt!|syn?|

| RCA | 7o | 2n | 142 | aaa |
CSKA-1L | 8n 4n'2 | 32n%2 | aat®
CSKA-2L 8n zn3 4| ntd 4| —
CSLA-1L | 14n | 2.8nY?| 392 | —
CIA-1L 10n | 2.8nY2| 28n%2 | att | |/
CIA-2L 10n | 36nY3| 36n%° | att | |/
CIA-3L 10n 4.401* | 4dnS/t — Vv
PPA-SK | 3nlogn | 2logn | 3nlog’n | ttt | /
PPA-BK 10n | 4logn |40nlogn || att | /
PPA-KS || 3nlogn | 2logn | 6nlog?n | —
CLA>® 14n | 4logn |56nlogn | — | (/)
COSA 3nlogn | 2logn | 6nlog’n | —

1 optimality regarding area and delay
aaa : smallest area, longest delay
aat : small area, medium delay
att : medium area, short delay
ttt : large area, shortest delay
— : not optimal
2 obtained from prefix adder synthesis
3 automatic logic optimization not possible (redundancy)
4 exact factors not calculated

5 corresponds to 4-bit PPA-BK
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4 Addition 4.4 Carry-Save Adder (CSA)

4.4 Carry-Save Adder (CSA)

a) Addsthreen-bit operandsdg, A;, A, performingno
carry-propagation (i.e. carries asaved [1]

‘(CaS)ZC+S=Ao+A1+A2‘ A"A’iz
2ci41+ 8 = ap; +ay; +az; ; csh
1=01....,n—1 (n)
c S

b) Addsonen-bit operand to am-digit carry-save operand
’ (07 S)out = A + (Ca S)zn

— Result is in redundamarry-saveformat (» digits),
represented by twa-bit numbersS (sum bits) and”
(carry bits)

+ Parallel arrangement of full-adders,constantdelay

|A=7n, T =4
R = se o
S = o S = o S = o
T @ © T T T T
Cn  Sng C> Sy Ci  So

e Multi-operand carry-save addens (> 3)
=- adder array(linear arrangementgdder treg(tree arr.)
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4 Addition 4.5 Multi-Operand Adders

4.5 Multi-Operand Adders

e Add threeor more(m > 2) n-bit operands, yield
(n+ [logm])-bit result inirredundantnumber rep. [1, 2]

Array adders

e Realization byarray adders : (see figures on next page)

a) linear arrangement &PAs
b) linear arr. ofCSAgadder array) andfinal CPA

e a) and b) differ irbit arrival timesat final CPA :
= if CPA = RCA : a) and b) have same overall delay
= if fast final CPA : uniform bit arrival times required
= CSA array (b)
e Fast implementation CSA array + fast final CPA
(note: array of fast CPAsot efficient/necessary)

Ag A1 Az Az Ap

A= (m — Z)ACSA + ACPA ‘
T =(m—2)T¢gsa + Tcpa
CPA=RCA: A= 0(mn+n) csA
T =0(m+n)
Fast CPA A= 0O(mn+nlogn) CPA
T = O(m + logn)
s
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4 Addition 4.5 Multi-Operand Adders

a) 4-operandCPA(RCA) array :
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4 Addition 4.5 Multi-Operand Adders

(m, 2)-compressors

m—4 d  amy
!
20+ > ) +s=
=0 cl, <] le— ¢?
—| out i in
m—1 m—4 ma - (m2) |: 4
Z a; + Z Cl Cout <1 = Cip
g in ¢ ¢
=0 =0 c s

e 1-bit adderg(similar to (m, k)-counters) [16]

e Compressesn bits down to 2 by forwardingm — 3)
intermediate carrieso next higher bit position

e |s bit-slice of multi-operand CSA array (see prev. page)

+ No horizontal carry-propagation (i.€,, — c*,, , k> 1)

out 7

o Built from full-adders(= (3, 2)-compressor) or
(4, 2)-compressorarranged in linear or tree structures

e Example : 4-operand adder usif¥y 2)-compressors

4 Addition 4.5 Multi-Operand Adders

A=T7(m—2)
Trin = 4(m — 2) , ITrEE = 6(ﬂ0gm-| — 1)

e Optimized(4, 2)-compressor

o 2 full-addersmergedandoptimized(i.e. XORs
arranged irtree structurg

|A=14, T =6|
|A=14, T =8| a a; a a

‘ |

oTu
= 0 1 E
S

Cout r Cin

c S
optimized

ap ay az ag

Cc S
with full-adders

+ samearea, 25%shorterdelay

o SD-FA(signed-digit full-adder) is similar to
(4, 2)-compressor regarding structure and complexity

Sn+t Sn
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4 Addition 4.5 Multi-Operand Adders 4 Addition 4.5 Multi-Operand Adders

e Advantage®f (4, 2)-compressors over FAs for realizing
(m, 2)-compressors :

o highercompression raté4:2 instead of 3:2)
o less dee@ndmore regulartrees

tree depth H \0123 45 6 7809 10\
# operands FA | 2346 9 13 19 28 426394
i (42) | 248163264128

e Example :(8, 2)-compressor

|A=42, T =16| |A=42,T=12|

apdy arzas aqas asgdy

by y by vl y
T 4 @) @2 "
1 C;ut ‘ 4—"7 Ci:7
L]

\
Cout i 1] 'K} Cin CZ—I

3
Cout v i v Cin
2

dpdiaras ayasaedy

(4.2)
't
c s

(4, 2)-compressor tree

full-adder tree
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Tree adders (Wallace tree)

e Adder tree : n-bit m-operandcarry-save adder
composed ofi tree-structuredm, 2)-compressord, 17]

e Tree adders: fastest multi-operand adders using an
adder treeand afast final CPA

A= A(m,z) “n+ Acpa = O(mn +n IOgn)
T = Yj(m7 2) + TCPA = O(logm + IOg ’I’L)

Adder arrays and adder trees revisited

e Some FA can often beplaced by HAor eliminated
(i.e. redundant due to constant inputs)

o Number of (irredundant) FAloes notdepend on adder
structure, but number of Hloes

e An m-operand adder accomodates — 1) carry inputs

e Adder treesT = O(logn)) arefasterthan adder arrays
(T = O(n)) at same amount of gated & O(mn))

e Adder trees aréess regularand havenmore complex
routingthan adder arrays- larger area, difficult layout
(i.e. limited use in layout generators)
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4 Addition 4.6 Sequential Adders

4.6 Sequential Adders

Bit-serial adder : Sequentiah-bit adder
a; b;

A=Aps+ App

T=Tp+T A
P W

Sj

Accumulators : Sequentiain-operand adders

e With CPA

e With CSAandfinal CPA A

A
CPA
S
CSA ]
A
\
>
PA
S

A= Acpa + Agrgc
T =Tecpa +Trec
L=m

o Allows higherclock rates
o Final CPAtoo slow:
= pipeliningor multiple
cyclesfor evaluation

>

A= Acss + Acpa + 4ARgc
T =Tcsa + Trec
L=m

\

o Mixed CSA/CPA CSA with partial CPAs (i.e. fewer
carries saved), trade-off between speed and register si
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5 Simple/Addition-Based Operations 5.1 Complement andr&ation

5 Simple/Addition-Based Operations
5.1 Complement and Subtraction

2's complementer (negation)

2's complement subtractor

A—B=A+(—B)
=A+B+1

A

B
2's complement adder/subtractor U
A+B=A+(-1)"™B
= A+ (B ® sub) + sub P — sub
s

1's complement adder

A+ B (mod 2" —1)
= A —+ B + Cout
(end-aroundcarry)

A B
CPA
Cout Cin
S
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5 Simple/Addition-Based Operations 5.2 Increment / Deen@m

5.2 Increment / Decrement

Incrementer

e Adds asingle bite;, to ann-bit operandA

‘ (cout;Z) :th2n+Z:A+Cin ‘ A
Ciy1=ac;;1=0,...,.n—1 Cout Cin
€0 = Cin , Cout = Cp (r.M.a) 7

e Corresponds tadditionwith B = 0 (= FA — HA)
e Example :Ripple-carryincrementer using half-adders

‘A:3n,T=n—|—l,ATz3n2’

an-1 aj )
fffff o
Cout Cn1  C2 Cy Cin
Zp-1 Z4 2o

or usingincrementer sliceg= half-adder)

an-1

Cout

Zn-1

Computer Arithmetic: Principles, Architectures, and VIIBsign 54

5 Simple/Addition-Based Operations 5.2 Increment / Deengm

e Prefix problem ‘C’i;k = C;j+1Cx ‘:> AND-prefixstruct.

A= inlogn+2n, T = [logn] +2, AT ~ inlog?n

Decrementer ’ (Cout, Z) = A — Cin ‘

an-1

Cout

Zn-1 Z2 Z1 Zo

Incrementer-decrementer

‘ (Couty Z) = A% cin = A+ (=1)% ¢3, ‘

ap
—
A

SIE

dec

. -
out Cfn
? B ? -
Zp-1 Z2 Z1 2o
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5 Simple/Addition-Based Operations 5.2 Increment / Deengm

Fast incrementers

e 4-bit incrementer usingulti-input gates

as az ais ao

=YY Y Y

e 8-bit parallel-prefixincrementer (Sklansky AND-prefix
structure) :

az ag as ay asz ap ai ap
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5 Simple/Addition-Based Operations 5.2 Increment / Deem

Gray incrementer

e Increments irGray number system

C0=0p-1DP a2 ---Dap (parlty)

Cir1=05C;; 1 = 0,...,’)’1,73 (r.m.a.)
Zo=a0 D Cy
Zi=a; Da_1¢1;1=1...,n—2

Zpn1=0ap-1DCyp 2

e Prefix problem=- AND-prefix structure
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5 Simple/Addition-Based Operations 5.3 Counting

5.3 Counting

e Countclock cycles=- counter,
divide clock frequency=- frequency divider (cout)

Binary counter

e Sequentiain-/decrementer
° Incrementespged—up o] «Cm
techniquespplicable
¢ Down- and up-down-counters L~
using decrementers /
Q

incrementer-decrementers

e Example :Ripple-carryup-counter usingounter slices
(= HA + FF), ¢;,, is count enable

n-1 qz a1 o

e Asynchronousounter using toggle-flip-flops
(lower toggle rate= lower power)

Qn-1 gz a1 o
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5 Simple/Addition-Based Operations 5.3 Counting

e Fastdivider (T' = O(1)) usingdelayed-carrynumbers
(irredundant carry-save represention-df allows using
fast carry-save incrementer) [8]

Gray counter

e Counter usingsray incrementer

Ring counters
e Shift registerconnected taing :

n-1 qz [e}] Qo

e State isnot encodeds n FF for countingn states

e Must beinitialized correctly (e.g. 00--01)

e Applications:
o fast dividers(no logic between FF)
o state counter foone-hot codedSMs

e Johnson twisted-ringcounter (inverted feed-back) :

An-1 gz g1 [¢fi}

o n FF for counting 2 states
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5 Simple/Addition-Based Operations 5.4 Comparison, Gpdiretection
5.4 Comparison, Coding, Detection

Comparison operations

EQ=(A=DB) (equal)
NE=(A# B)=EQ (not equal)
GE=(A>B) (greater or equal
LT=(A<B)=GE (less than)
GT=(A>B)=GE-EQ (greater than
LE=(A<B)=GT =GE+ EQ (lessorequal

Equality comparison
| FQ=(A=B)]

egiv1 = (a; = b;) eq;
=(a;, ©b;) eq; ;
i=0,....,n—1
eqo=1, FQ =eq, (r.s.a)

—C(C g

Magnitude comparison

|GE=(A>B)|

geis1 = (ai > b;) + (a; = b;) ge;
=ab;+ (a; ©b;) ge;; i=0,...,n—1
geo=1, GE = ge, (r.s.a.)
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5 Simple/Addition-Based Operations 5.4 Comparison, Qpdiretection

Comparators A B

e Subtractor(A — B) : ?
GE = cout -CPA 1
EQ = P10 GE= Cou

(for freein PPA) EQ= P19

ARCA =Tn s Troa = 2n or
3
Appa—ks = 3nlogn , Trpa_ ks ~ 2logn

e Optimizedcomparator :

o removingredundanciesn subtractor (unuses})
o single-treestructure=- speed-up aho cost :

‘ A=6n, Tyyy =2n, Trree ~ 2l0gn ‘

o example : ripple comparator usikgmparator slices

equality &
magnitude

equality
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5 Simple/Addition-Based Operations 5.4 Comparison, Ggdetection

Decoder
e Decodedinary numberd,,_;.o to vectorZz,, 1.0 (m = 2")
1if A=1 "
i_{o else i=0,...,m—1
A a‘z a ap
z Z; Zg Zs Z4 23 Zo Z; 2o

| A=(n-1)2", T =[logn] |

Encoder

e EncodewectorA,,_i1to binary numbef,,_;.o (m = 2")
(condition: 3i Vk | if k =i thena, = 1 elsea; = 0)
Z=iif a;=1;i=0,...,m—1] \ Z =log, A \

A azyasaza;

EEEYELEN)
i
encoder,

A
T (note: connections
according to PPA-SK)

n(2n1—-1)
n—1
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5 Simple/Addition-Based Operations 5.4 Comparison, Ggdiretection

Detection operations

e All-zeroesdetection :‘ z=a, 1t a, 2+ - Fao \

All-onesdetection :\ 2= Qp_1Gn_2" Qg (r.s.a.)‘

| A=n, T =logn |

e Leading-zeroedetection (LZD) :
o for scaling normalization priority encoding

a) non-encodeautput :

{0}1{0]1} — {0}1{0} T
(e.g. 000101+ 000100
|A=2n,T=n|
Zn-1 Zp-2 Zy Zp

o prefix problemr.m.a.)= AND-prefix structure
b) encodedutput : + encoder

o signednumbers : Heading-ones detectqt OZ)
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5 Simple/Addition-Based Operations 5.5 Shift, ExtensB®aturation 5 Simple/Addition-Based Operations 5.5 Shift, Extens®aturation
5.5 Shift, Extension, Saturation e Applications:
Shift :  a) shiftn-bit vector byk bit positions o adaption oimagnitude(shift &)) orword length
b) selectrn out of more bits at positiok (ex:gnflon.) of o'p'er.ands (e'?'_ f?r ad]:j't'onh).
e also: logical (= unsigned)arithmetic(= signed) ° mu'tlp.|cat|0n/d|V|S|9nby mu.tlp es 0, 2 (shift)
. . . ) ) o logic bit/byte operations (shift, rotation)
Rotation by £ bit positions,n constant (logic operation) . _
_ _ o scalingof numbers foword-length reductiori.e.
Extension of word lengthsy k bits (2 — n + k) ignore leading zeroes, shift b)) normalization(e.g.
(i.e. sign-extensioror signed numbers) of floating-point numbers, shift a)) using LZD
Saturation to highest/lowest value aftever-/underflow o reducing errorafter over-/underflow (saturation)
shifta) | un- l. Gp—2, - - -, 00,0 sli e Implementatiorof shift/extension/rotation by
signedr. 0,ap_1,...,a1 srl o constant values hard-wired
signed I. | a,_1, Gn_3, - .., 00,0 sla o variable values multiplexers
I @ne1, @1, Gnz, - - ., 01 sra o n possible values n—by-n barrel-shifter/rotator
shift b) | unsigned Opik—1, - -+, 0k e Example : 4-by—barrel-rotator
Signed A2p—1, Qntk—2, ---,0k a a a a
. 2 3 2 1 0
rotate l. An_2, - - -,00,an_1 | FOl A=0(n%)
T'=O(logn) 55
r. ag, n—1, - --,01 ror 120,
L | | jf?
extend |un- |l 0,an-1,...,00 a  a a;  a S50 LY AN XY
signed| r. On_1, ---,00,0 L AL L :{7
signed |. | an_1, Gn_1, an_» ao o W o™ i i i
. n—lyYn—1,Yn—2, --->» 0
A, AR ey
saturate || unsigned Qnety - -y Q1 z, oz oz oz 2 2 oz 1
signed | a, 1, Un 1, -, 0n 1 multiplexers tristate buffers
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5 Simple/Addition-Based Operations 5.6 Addition Flagy 5 Simple/Addition-Based Operations 5.6 Addition Flagy
5.6 Addition Flags Basic and derived condition flags
[ flag | formula [ description |
. formula
c Cn carry flag condition|  flag unsi ned sioned
14 Cn ®Cp1 signedoverflowflag _ 9 9
AnbnSn + TpbpSy, operation:S=A+ B (+) or S=A—-B (-)
Z Vi:s;=0 zeroflag S=0 Zero Z A
N Sn—1 negativeflag, sign S<0 negative — N
_ _ S >0 | positive — N
Implementation of adder with flags S > maz | overflow | C (+) el
C, N : for free S < min | underflow| C (-) Ve
V . faste,, ¢,_1 computed by e.g. PPA> very cheap operation:A — B
Z @) ¢y, = 1(subtract.) :Z = (A=B) = P,_1.0 (of PPA) A=DB EQ Z Z
b) ¢;n =0/1: A#B NE Z Z
A>B GE C NV + NV
1) | Z=satseat  Fso (rsa) A>B GT cZ | (NV+NV)Z
‘A:AcpA+n,TZ:TcpA+ﬂognH A<B LT C NV + NV
. . . A<B LE C+Z |[NV+NV+2Z
2) e fasterwithoutfinal sum (i.e. carry prop.) [18] = + + +
e example 010011/000 ¢ Unsignedandsignedaddition/subtraction only differ
+101101/00 with respect to theondition flags
= 0000Q0|00
20=((ao ® bo) ® ¢in)
zi=((a; ®b;) © (ai—1+ bi_1))
Z=2p 12p2+-20;,1=0,...,n—1 (rs.a.
‘ A=Acpa+3n, Tz =4+ [logn] ‘
Computer Arithmetic: Principles, Architectures, and VII3dsign 66 Computer Arithmetic: Principles, Architectures, and VICBsign 67




5 Simple/Addition-Based Operations 5.7 Arithmetic Loginit{/ALU)

5.7 Arithmetic Logic Unit (ALU)

A B
Cout w Cin
flags op

ALU operations

add | A+B+c¢y, | sub | A— B —c¢;,
arithmetic|| inc A+1 dec A-1
pass A neg —A
and a;b; nand a;b;
. or a; +b; nor a; + b;
logic
xor a; ® b; xnor a; © b;
pass a; not a;
) sl * Akl srl* A>1
shift/
sla* Ak, 1 sra* A>,1
rotate
rol * Ak, 1 ror* A>.1

* sfro : shift/rotate ; l/r : left/right ;
I/a : logic (unsigned) / arithmetic (signed)

e Logic of adder/subtractor can partly blearedwith logic
operations
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6 Multiplication 6.1 Multiplication Basics

6 Multiplication

6.1 Multiplication Basics

e Multiplies two n-bit operandsd and B [1, 2]

e ProductP is (2n)-bit unsigned number q2n — 1)-bit
signed number

e Example :unsignedmultiplication

n—1 n—1 n—1n—1
P=A-B=Y a2 Y b2 =Y Y ab2¥ or
i=0 j=0 i=0 j=0
n—1 )
Pi=a;-B,P=> P2;i=0,...,n—1 (rs.a.)
i=0

Algorithm

1) Generation of: partial productsP;
2) Adding uppartial products :

a) sequentiallysequential shift-and-add),
b) serially (combinational shift-and-add), or
¢) in parallel

Speed-up techniques

e Reducenumber of partial products
e Accelerateaddition of partial products
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6 Multiplication 6.1 Multiplication Basics

Sequential multipliers :
partial products generated
and addedsequentially(using
accumulatoy

Hd—

| A=0(n), T=0(logn) , L=n

Array multipliers :
partial products generated and
addedsimultaneouslyn linear
array (usingarray addej

| A=0(n?), T =0(n) |

Parallel multipliers :
partial products
generated iparalleland added
subsequentlyn multi-operand
adder (usingree addey

| A=0(n?), T = 0O(logn) | CPA

Signed multipliers :
a) complemenbperands before and result after
multiplication=- unsignedmultiplication
b) directimplementation (dedicated multiplier structure,
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6 Multiplication 6.2 Unsigned Array Multiplier

6.2 Unsigned Array Multiplier

e Braun multiplier: array multiplier forunsignechumbers

n—1ln—1 o A:?mz—liln
P= a;b; 2

agbs agbz agb1 aobo
aibs aiby aibr aibg
azbs  axb> axb1 azbg
+ a3b3 0,362 G,3b]_ G,3b0
p7  De bs yz Y& p2 Yz Po

b3 b2 by by

a, u
y
ﬁIL FA
a; -
@ FA
CSA
CPA ﬁ
o T
p7 Ps
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6 Multiplication 6.3 Signed Array Multipliers
6.3 Signed Array Multipliers

Modified Braun multiplier

e Subtractbits with negative weight>- special FAs [1]

lneg.bit: —a+4+b+cp= 2cou—Ss
2neg.bits: a—b—cp=—2¢,+Ss
e ReplaceFAs in regions s=a®b® cy,

@, @, and®@ by :

(inputa at marke) Cout = @b + ACin + bCin,

o Otherwise exacthgame structurandcomplexityas
Braun multiplier=- efficient and flexible

Baugh-Wooley multiplier

o Arithmetic transformationgield the following partial
products (two additional ones) :

Qobz agbo agby agbo
G1bs aiby aibi aibg
a2bz  azby azb1 azbo
azbs azby asby aszby
as as
+ 1 b3 b3

p7 De Dps Pa Dp3 D2 p1 Po

— Less efficienandregular than modified Braun
multiplier
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6 Multiplication 6.4 Booth Recoding

6.4 Booth Recoding

e Speed-up techniquereduction of partial products

Sequential multiplication

e Minimal (or canonicalsigned-digit(SD) represent. oft

+ One cycleper non-zero partial product (i.€a; | a; # 0)

— Negativepartial products

— Data-dependenteduction of partial products and latenc

Combinational multiplication

e Only fixedreduction of partial product possible

¢ Radix-4modified Booth recoding?2 bits recoded to one
multiplier digit => n/2 partial products

n/2
A=) (azi-1+ az — 2az+1) 2% a_1=0
=0 {—2,-1,0,+1,+2}
aziq1 ay|ap1| B v
0 0| 0 |+ O = gj’@
0 0| 1 |+ B 53 o X
0 1| 0 |+ B . %
0 1| 1 |+28B vy
1 0 0 |—-2B CSA
1 0 1 - B array/tree
1 1 0O |- B
1 1 1 |- 0
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6 Multiplication 6.4 Booth Recoding

e Applicable tosequentialarray, andparallel multipliers

e — additionalrecoding logic ananore A 18
complexpartial product generation T : 47
(MUX for shift, XOR for negation) '

+ adder array/treeut in half

= considerablysmaller(array and tree)
= muchfasterfor adder arrays

= slightly or notfaster for adder trees T:-0

e Negativepartial products (avoidign-extension:

pPaP3P3 P3p2pipo= 000—p3p2p1po
—_—

ext. sign = 1
+ 111 ﬁ3 P2 P1 Po
1
Po3 Po3 Po3 Po3 Po2 Po1 Poo _ Pos Po2 Po1 Poo
P13 P13 P13 P12 P11 P10 - P13 P12 P11 P1o

P23 P22 P21 P20
P33 P32 P31 P3o
Pe Ps Pa P3 P2 P1 Po

P23 P23 P22 P21 P20
P33 P32 P31 P3o +
Ps Ps Pa P3 P2 P1 Po

e Suited forsignedmultiplication (incl. Booth recod.)
e ExtendA for unsignedmultiplication :a,, = 0

¢ Radix-8(3-bit recoding) andhigher radices
precomputing B, ... = larger overhead
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6 Multiplication 6.6 Multiplier Implementations

6.5 Wallace Tree Addition
e Speed-up techniquefast partial product addition
| A=0(n?), T = O(logn) |

e Applicable toparallel multipliers: parallel partial
product generation (normal or Booth recoded)

— Irregular adder tree (Wallace tree) due to different
number of bits per column

= irregularwiring and/orlayout
= non-uniformbit arrival timesat final adder

6.6 Multiplier Implementations

e Sequentiamultipliers :
o low performancesmallarearesource sharingadder)

e Braunor Baugh-Wooleynultiplier (array multiplier) :

o mediumperformancehigh areahigh regularity
o layout generatorss data paths and macro-cells
o simplepipelining fasterCPA =- higher speed

e Booth-Wallacemultiplier (parallel multiplier) [9] :

o high performancehigh areaow regularity
o custommultipliers, netlist generators
o oftenpipelined(e.qg. register between CSA-tree and C

e Signed-unsignethultiplier : signed multiplier with
operands extended by 1 bit,(= a,,_1/0, b, = b, _1/0)
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6 Multiplication 6.8 Squaring

6.7 Composition from Smaller Multipliers

e (2n x 2n)-bit multiplier can becomposedrom 4
(n x n)-bit multipliers (can be repeated recursively)

A-B=(Ag2"+ AL) - (Bg2" + By)
= ApBy2®" + (AgBL + ALBy)2" + ALBy,

‘AH‘BHHAL‘BL‘

e 4 (n x n)-bit multipliers
+ (2n)-bit CSA + (3n)-bit CPA

e less efficienfarea and speed)

6.8 Squaring

o P=A%2=AA \ : multiplier optimizationgpossible

aoaz Aapaz o1 4o
aiasz aidp ai a1ao0
apaz  ap aza; azagp
+ a3z |azarx asa1 asag

apaz a1a3z aopasz agaz aoda Qaoao
— a3a3 a102 a101
+ 202

b7 De DPs Pa P3 D2 p1 Po

+ (|n/2] + 1) partial products (if no Booth recoding used
= optimized squaremore efficienthan multiplier

e Table look-upROM) less efficient for every
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7 Division / Square Root Extraction 7.1 Division Basicsl

7 Division / Square Root Extraction

7.1 Division Basics

A R
B=%'3

|A=Q-B+R; R<B|
| R=AremB (remainder)|

e Ac[0,2" -1, B,Q,Rc[0,2"~1], B#0
e () <2" —+ A< 2"B, otherwiseoverflow
= normalizeB before division B € [2"~1, 2" — 1])
Algorithms (radix-2)
e Subtract-and-shift partial remainder®; [1, 2]
e Sequentiablgorithm : recursivef non-associative

g = (Ri+122iB) , Ri=Riy1—¢2'B
R,=A, R=Ro;i=n-1,...,0 (rm.n.)

Basic algorithm : compareandconditionally subtract
= expensive comparison and CPA

Restoring division : subtractandconditionally restore
(adder or multiplexery» expensive CPA and restoring

Non-restoring division : detect signsubtract/addand
correctby next steps> expensive CPA

SRT division : estimate rangesubtract/addCSA), and
correctby next steps= inexpensive CSA
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7 Division / Square Root Extraction 7.3 Non-Restoring Dimis

1 if Riys— B2 >0
0 if Riys— B2 <0

q;

7.2 Restoring Division {

1
i—1

Riy1—B2<0: ¢ =0,R;=R;;; (restored)
Riy1—B271>0:¢;-1=1,R;.1= Rjy1 — B2"*

1 |f Ri_;,_]_ZO

7.3 Non-Restoring Division
L
%= {—1=i if Riy1<0

i Ri11>0: ¢;=1,R;=Riy1s— B2

'L.—l}RH_l —B2<0 :q;il = 1, R, 1= Ri+l — B2
+B21 = Ry, — B2!

e Onesubtraction/addition (CPA) per step

e Final correction stegor R (additional CPA)

e Simple quotient digitonversion (note: ¢; irredundant)

4 e{l1} - ¢ec{01} : ¢=3(d+1)
Q= (qn—l,%—z, qn-3, - - -, 4o, 1)

A B
A=(n+1DAopa
= 0(n?) or O(n?logn) Q <

+/- CPA
+/- CPA

T= (’I’L + 1)TCPA
= 0(n?) or O(nlogn)
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7 Division / Square Root Extraction 7.4 Signed Division|

1 if R;y1, B same sign
1 if R;.1, B opposite sign

/!

7.4 Signed Division
q; = {

e Example : signed non-restoriragray divider
(simplifications: B > 0, final correction of? omitted)

|A=9?, T=20"+4n |

_ bs as bo as by as by as
as ® bz |
R
N/ A AN
Qs < FA FA
PRI
2 :; if if a2
gz = FA FA FA
NiE iR
gﬂ e | W
qq @ FA FA
PR RS !
N N N
9
€] rz 8] o
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7 Division / Square Root Extraction 7.5 SRT Division

7.5 SRT Division (Sweeney, Robertson, Tocher)

1if B2 <R
¢, ={0if —~B2 < R;, < B2
1 |f RL'J'_]_ < —le

, ¢; is SD number

olf 271 < B < 2" ie.Bisnormalized
= _Bzi S _2n+i71 S Ri+1 < 2n+i71 S Bzz‘
1if 21 <R,
=|q¢.={0if —2n+-1< R, <2nti-l
1 |f Ri_;,_]_ < _2n+i_l

+ Only 3 MSBare comparees- ¢; areestimated= CSA
instead of CPA can be used (precise enough) [19]

e Correctionin following steps (+ final correction step)
— Redundantepresentation af, (SD representatiory>
final conversiomecessary (CPA)
+ Highly regularandfast(O(n)) SRT array dividers
= only slightly slower/largetthan array multipliers

A B
A=nA 2A 1
oA +2Acea +/— CSA
= O0(n?) Q < +/- CSA
(&
T =nTcsa+ Topa 1/~ CSA
= 0O(n) +/- CPA
R
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7 Division / Square Root Extraction 7.7 Division by Multigdition
7.6 High-Radix Division
eRadixg=2",¢,e{f—1,...,1,0,1,...,3 -1}
e m quotient bitgper step=- fewer, butmore complesteps
+ Suitable forSRTalgorithm=- faster
— Complexcomparisons (more bits) and decisions

= table look-up & Pentium bug!)
7.7 Division by Multiplication

Division by convergence

] A.
A A -RoR; Rm—l_)

Q‘E‘B-RoRl---Rm_l B-

W|=|wl-
Il
|
@
0
©
N[O

*Bin=Bi - Ri=2"(1—y)-(1+y)= 2°(1—¢)) ,
B; R; >B;, > 2"

y=1—-B;2™" R;=2- B;2™" = B; + 1 (signed)

oAIgorithm: Bi+1:Bi.Ri7 Az+l:Asz
Ri=B;+1;i=0,....m—1
Ag=A, Bb=B, Q=A4, (rs.n)

e Quadraticconvergence .. = [logn]
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7 Division / Square Root Extraction 7.8 Remainder / Modulu

Division by reciprocation

A 1
°=5=13
e Newton-Raphsoiteration method :
. . f(Xo)
find f(X)=0Db Xiv1=X; —
ind f(X) y recursionX; TR

 f(X) =5 B, FX) =5, f(5)=0

e Algorithm:
XZ-H:XZ--(Z—B-XZ-); z:O,,m—l
Xo=B, Q=X, (rs.n)

e Quadraticconvergence L = O(logn)

e Speed-up first approximationX, from table

7.8 Remainder / Modulus
Remainder (rem) : signedremainder of a division
‘ R=AremB=A—-|A/B]-B, signR) = sign(A)‘

Modulus (mod) : positiveremainder of a division

R if A>0
R+ B else

M:AmodB,MZO,M:{
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7 Division / Square Root Extraction 7.9 Divider Implemeitas

7.9 Divider Implementations

e Iterativedividers (through multiplication) :

o resource sharin@f existing components (multiplier)
o mediumperformancemediumarea
o high efficiency if components are shared

e Sequentiadividers (restoring, non-restoring, SRT) :

o resource sharin@f existing components (e.g. adder)
o low performancelow area

o Array dividers (restoring, non-restoring, SRT) :

o dedicatechardware component

o high performancehigh area

o highregularity=- layout generators, pipelining

o square root extractiopossible by minor changes
o combinationwith multiplication or/and square root

o No parallel dividers exist, as compared to parallel
multipliers (sequential nature of division)
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7 Division / Square Root Extraction 7.10 Square Root Exiwact

7.10 Square Root Extraction
VA-R=Q| [A=qQ°+R|
e Ac (0,2 —1],Q¢c0,20 1]

Algorithm

e Subtract-and-shift partial remainders; and quotients
Qi = Qi+l+qi21 = (qn—la-"aqiaoa"'?o) [1]

° sz = (Qi+1 + Qizi)z = Q§+1 +¢:2 (ZQ”l + ini)

¢ = (Ri+l > 2 (2Qi+l + 21)) y Qi = Qip1+ ¢ 2
Ri=Rip1— 2 (Qin+a2) ;i=n—1,..,0
R,=A,Q,=0, R=Ry, Q=0Qo (rm.n.)

Implementation

+ Similar todivision=- same algorithmspplicable
(restoring, non-restoring, SRT, high-radix)

+ Combinationwith division in same component possible

e Onlytriangular arrayrequired A
(stepi : gr<; = 0)

+/— CPA

-<—
A= ADlv/z Q
T~ TDIV
R
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8 Elementary Functions 8.1 Algorithms

8 Elementary Functions

e Exponentiafunction : e* (expzx)

e Logarithmfunction : Inz, logz

e Trigonometricfunctions : sine, cosz, tanz

e Inverse trig.functions : arcsim, arccose, arctan:
e Hyperbolicfunctions : sinh, coshz, tanhz

8.1 Algorithms

e Table look-up inefficient for large word lengths [5]
e Taylor series expansioncomplex implementation
e Polynomialandrational approximationgl, 5]

e Shift-and-addalgorithms [5]

e Convergence algorithnig, 2] :

o similar todivision-by-convergence
o two (or more)recursive formulas one formula
converges to a constant, the other to the result

e Coordinate rotatiofCORDIC) [2, 5, 20] :

o 3 equationdor x-, y-coordinate, and angle

o computesll elementary functionby proper input
settings and choice of modes and outputs

o simple,universalhardware, small look-up table
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8 Elementary Functions 8.2 Integer Exponentiatiolf

8.2 Integer Exponentiation

o Approximatedexponentiation [z¥ = e = vlooe |

e Base-2 integeexponentiation (24 = (...,0,1,0,...)
by

e Integerexponentiation (exact) :

AP=A-A-- Al [L=0---2"—1 ()]
—_——
Bx

Applications : modular exponentiatiod” (mod C')
in cryptographicalgorithms (e.g. IDEA, RSA)

Algorithms : square-and-multiply

a) E= A8 = Abn—12"" b1 2+4bo
AZ"_lbn_l . AZ”_an_z .

co A% A% pbo

E;=P' -E_,, Pb,1=P?;i=0,....n—1

? K2

E,=1, P=A,E=FE, (rs.n)

AZZAMUL,T:TMUL,L:TL or
A=Apur, T=Tyur, L =2n
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8 Elementary Functions 8.3 Integer Logarithm

b) E = AB = Abn_12"—1+---+b12+b0
= ( .. ((Abn—l)z . Abn—z)z .. Abl)z . Abo

E;=FE2,-A%;i=n-1,...,0
E,=1, E=Fy (rs.n)

A:AMULaT:TMULaLzz(n_l)‘

8.3 Integer Logarithm

e For detection/comparison ofder of magnitude

e Corresponds tteading-zeroes detectidhZD) with
encoded output
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9 VLSI Design Aspects

9 VLSI Design Aspects

9.1 Design Levels

9.1 Design Levels

Transistor-level design

e Circuit and layout designédoly hand(full custom)

e Lowdesign efficiency

e High circuit performance : high speed, low area

e High flexibility : choice of architecture and logic style
e Transistor-level circuibptimizations

o logic style: static vs. dynamic logic,
complementary CMOS vs. pass-transistor logic
o specialarithmeticcircuits : better than with gates

carry chain: o .
1
a<L bL a<[ a< b4Lcn<L a
b
full- ondl bl L cin 4
adder: ¢, b+l L on L Ki
V | b % out
a-l bl aHl adl bHLcn L a-
1
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9 VLSI Design Aspects 9.1 Design Levels

Gate-level design

e Cell-basediesign techniques : standard-cells, gate-array/

sea-of-gates, field-programmable gate-array (FPGA)
o Circuit implemented byandor by synthesiglibrary)
e Layout implemented by automatethce-and-route
e Mediumto high design efficiency
e Mediumto low circuit performance
e Mediumto low flexibility : full choice of architecture

Block-level design

e Layout blocks and netlists from parameterized automati

generatorsor compilers(library)
e High design efficiency
e Mediumto high circuit performance
o Lowflexibility : limited choice of architectures
e Implementations

data-path : bit-sliced bus-orientedayout (array of
cells: n bits x m operations), implementation of entire
data pathsmediumperformancemediumdiversity

macro-cells: tiled layout, fixed/singleoperation
componentshigh performancesmall diversity

portable netlists : = gate-level design
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9 VLSI Design Aspects 9.2 Synthesis

9.2 Synthesis
High-level synthesis
e Synthesis fromabstract behavioralhardware description

(e.g. data dependency graphs) using e.g. VHDL

e Involvesarchitectural synthesiandarithmetic
transformations

e High-level synthesis is still in thibeginnings

Low-level synthesis

e Layoutandnetlist generators

e Included inlibraries andsynthesis tools

e Low-level synthesis istate-of-the-art

o Basisfor efficient ASIC design

e Limited diversityandflexibility of library components

Circuit optimization

e Efficient optimization ofandom logicis state-of-the-art

e Optimization of entirarithmetic circuitsis not feasible
= only local optimizations possible

e Logic optimizationcannotreplace the synthesis of
efficient arithmetic circuit structures usiggnerators
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9 VLSI Design Aspects 9.3 VHDL

9.3 VHDL

Arithmetic types : unsigned , signed (2's complement)

Arithmetic packages
,numeric_std  (IEEE standard 1076.3),
(Synopsys)
e contain overloadedrithmetic operatoraindresizing/
type conversiomoutines forunsigned , signed types

e numeric_bit
std_logic_arith

Arithmetic operators (VHDL'87/93) [21]

relational : =, /=,<,<=,>,>=
shift, rotate("93 only) : rol ,ror ,sla ,sll ,sra,srl
adding : +, -

sign (unary): +, -
multiplying : *,/, mod, rem
exponent, absolute ** , abs

Synthesis

e Typicalllimitations of synthesis tools :

/ , mod, rem : both operands must be constant or divisof

must be a power of two
= for power-of-two bases only

e Variety of arithmetic components providedsaparate
libraries (e.g. DesignWare by Synopsys)
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9 VLSI Design Aspects 9.3 VHDL

Resource sharing

e Sharingone resource for multiple operations
e Doneautomaticallyby some synthesis tools
e Otherwise, appropriateodingis necessary :
a) S <= A+ C when SELA = '1' else B + C;

= 2 adders + 1 multiplexer
A when SELA = '1’ else B;

T+ C; = 1 multiplexer + 1 adder

b) T <=
S <=

Coding & synthesis hints

e Addition: single adder with carry-in/carry-out :

Aext <= resize(A, width+1) & Cin;
Bext <= resize(B, width+1) & '1’;
Sext <= Aext + Bext;

S <= Sext(width downto 1);
Cout <= Sext(width+1);

e Synthesis check synthesis result fatlocated arithmetic
units=- code sanity check, control of circuit size

VHDL library of arithmetic units

e Structural, synthesizable VHDL cofte most circuits
described in this text is found in [22]
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9 VLSI Design Aspects 9.4 Performance

9.4 Performance
Pipelining
e Pipeliningis basically possible with every combinationa

circuit = higher throughput

o Arithmetic circuits arewell suitedfor pipelining due to
high regularity

e Pipelining of arithmetic circuits can beery costly.
o large amount ointernal signals in arithmetic circuits
o array structures many small pipeline registers

o tree structures few large pipeline registers

= no advantagef tree structures anymore
(except for smaller latency)

e Fine-grainpipelining=- systolic arrayqoften applied to
arithmetic circuits)
High speed

e Fast circuitarchitecturespipelining, replication
(parallelization), and combinations of those

e Optimal solution depends on arithmetiperation circuit
architecture userspecificationsand circuitenvironment
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9 VLSI Design Aspects 9.4 Performance

Low power

Power-related propertiesof arithmetic circuits :

e High glitching activitydue to high bit dependencies
and large logic depth

Power reduction in arithmetic circuits [23] :

e Reduce thewitched capacitancley choosing amarea
efficientcircuit architecture

o Allow for lower supply voltagby speeding uphe
circuitry
e Reduce théransition activity:

o applystable inputsvhile circuit is not in use£
disablingsubcircuits)

o reduceglitching transitionsby balancingsignal
paths (partly done by speed-up techniques, otherw
difficult to realize)

o reduceglitching transitionsby reducindogic depth
(pipelining)

o take advantage aforrelated datastreams

o choose appropriate number representations
(e.g.Gray codedor counters)
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9 VLSI Design Aspects 9.5 Testability

9.5 Testability

Testability goal : highfault coveragewith few test vectors
that are easy to generate/apply

Random test vectors. easyto generate and
apply/propagate, few vectors gibgh (but not perfect)
fault coverage fomostarithmetic circuits

Special test vectors sometime$ardto generate and
apply, required for coverage bard-detectabldaults
which are inherent in most arithmetic circuits

Hard-detectable faultsfound in :

e circuits of arithmetic operations with inheresgecial

casedqarithmetic exceptions) : detectors, comparator$

incrementers and counters (MSBs), adder flags

e circuits usingredundant number representations
(# redundant hardware) : dividers (Pentium bug!)

95

Computer Arithmetic: Principles, Architectures, and VICBsign




Bibliography
Bibliography

[1] I. Koren, Computer Arithmetic AlgorithmdPrentice Hall,
1993.

[2] K. Hwang, Computer Arithmetic: Principles, Architecture,
and Design John Wiley & Sons, 1979.

[3] O. Spaniol,Computer ArithmeticJohn Wiley & Sons,
1981.

[4] J. J. F. CavanagiDigital Computer Arithmetic: Design
and ImplementationMcGraw-Hill, 1984.

[5] J.-M. Muller, Elementary Functions: Algorithms and
ImplementationBirkhauser Boston, 1997.

[6] Proceedings of the Xth Symposium on Computer Arithme
[7] IEEE Transactions on Computers

[8] D. R. Lutz and D. N. Jayasimha, “Programmable modulo
counters”,|IEEE Trans. Circuits and Systwol. 43, no. 11,
pp. 939-941, Nov. 1996.

[9] H. Makino et al.,, “An 8.8-ns 54x 54-bit multiplier with
high speed redundant binary architectun&kE J.

Solid-State Circuitsvol. 31, no. 6, pp. 773-783, June 1994.

[10] W. N. Holmes, “Composite arithmetic: Proposal for a nev
standard”,|EEE Computervol. 30, no. 3, pp. 65-73, Mar.
1997.

Computer Arithmetic: Principles, Architectures, and VICBisign 96

Bibliography

[11] R. ZimmermannBinary Adder Architectures for
Cell-Based VLSI and their SynthesihD thesis, Swiss
Federal Institute of Technology (ETH) Zurich,
Hartung-Gorre Verlag, 1998.

[12] A. Tyagi, “A reduced-area scheme for carry-select asitle
IEEE Trans. Computvol. 42, no. 10, pp. 1162-1170, Oct.
1993.

[13] T. Han and D. A. Carlson, “Fast area-efficient VLSI
adders”, inProc. 8th Computer Arithmetic Sym@omo,
May 1987, pp. 49-56.

[14] D. W. DobberpuhEt al,, “A 200-MHz 64-b dual-issue
CMOS microprocessorlEEE J. Solid-State Circuitsol.
27,no. 11, pp. 1555-1564, Nov. 1992.

[15] A. De Gloria and M. Olivieri, “Statistical carry look&ad
adders”,IEEE Trans. Computvol. 45, no. 3, pp. 340-347,
Mar. 1996.

[16] V. G. Oklobdzija, D. Villeger, and S. S. Liu, “A methodrfo
speed optimized partial product reduction and generation
fast parallel multipliers using an algorithmic approach”,
IEEE Trans. Computvol. 45, no. 3, pp. 294-305, Mar.
1996.

[17] Z. Wang, G. A. Jullien, and W. C. Miller, “A new design
technique for column compression multiplier$EEE
Trans. Comput.vol. 44, no. 8, pp. 962-970, Aug. 1995.

Computer Arithmetic: Principles, Architectures, and VICBsign 97

Bibliography

[18] J. Cortadella and J. M. Llaberia, “Evaluation of A+ B =K
conditions without carry propagationlEEE Trans.
Comput, vol. 41, no. 11, pp. 1484-1488, Nov. 1992.

[19] S. E. McQuillan and J. V. McCanny, “Fast VLSI algorithm
for division and square rootJ. VLSI Signal Processing
vol. 8, pp. 151-168, Oct. 1994,

[20] Y. H. Hu, “CORDIC-based VLSI architectures for digital
signal processing”|EEE Signal Processing Magazineol.
9, no. 3, pp. 16-35, July 1992.

[21] K. C. Chang,Digital Design and Modeling with VHDL and
Synthesis|IEEE Computer Society Press, Los Alamitos,
California, 1997.

[22] R. Zimmermann, VHDL Library of Arithmetic Unitg,
http://www.iis.ee.ethz.ch/"zimmi/aritlib.html.

[23] A. P. Chandrakasan and R. W. Broderseow Power
Digital CMOS Design Kluwer, Norwell, MA, 1995.

Computer Arithmetic: Principles, Architectures, and VIIBdsign 98




